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Introduction 


This booklet summarizes the main techniques of inte- 
gration. It is referred to in various units of the course. 
You are not expected to memorize any of the information 
in the booklet, but you are expected to be able to use 
this information with the booklet in front of you. 
You will be allowed to take the booklet into the ex- 
amination with you, therefore do not write anything in it. 


The booklet is written in the Leibniz notation, 
rather than the function notation used in the Foun- 
dation Course, It covers only the practical side of 


TM Types of Integral 


1 Polynomials 8 
2 Rational Functions 8 
3 Algebraic Functions 10 
4 Rational Fractions in sin x and cos x 12 
5 Integrals Involving Trigonometric and 
Exponential Functions 14 


the evaluation of integrals. The theoretical side is 
treated in Unit M100 13, Integration II, and elsewhere. 


Further information about integration (together with 
many other useful formulas) will be found in hand- 
books such as 


Tables of Integrals and Other Mathematical Data by 
H. B. Dwight (Macmillan, 1961). 

Table of Integrals by R. G. Hudson and J. Lipka 
(Wiley, 1917). 


I Leibniz Notation 


1 Derivatives 


If x is a variable in the domain of a real function f, 
then 


df (x) 
dx 


d 
Z F(x) 
means f'(x), the derivative of the function f at x. 


If we want to give the variable x a particular numerical 
value, say 13, then for f’(13), we write 


alata) 


2 Definite Integrals 


'b 
f Fie) dx 


b 
[is 


3 Indefinite Integrals 


means 


If x is a variable in the domain of an integrable real 
function f, whose domain is an interval A, thén 


f Ji) dx 

means F(x) where F is a primitive function of f, i.e. 
f Jœ) dx = F(b) — F(a) 

for all a, b in A. 

4 Further Notation 


FO 


means F(b) — F(a). Also, we are not restricted to the 
use of x as a label for a variable; thus 


fzo dx= fo du. 


LM TI 


This column is devoted to examples which are placed 
opposite the piece of text they illustrate. 


1 Derivatives 


ay means f'(x), where y = f(x). 


dx 
2 
ae. means f'(x), where f: x ———> x?; 
. d 
ie. mae 2x. 
d(x?) = = 
e, = [2x],-3 = 6. 


2 Definite Integrals 


b b 
fe dx means [e—a 
a 


b 
ie. Í x? dx = 4b? — 4a? 


3 Indefinite Integrals 


Jr dx means 4x + c for all x€ R, where c is a real 


number. 


4 Further Notation 


Idx7]19 = 4(13)° — 4(10)° 


I Rules of Integration 
In the following rules, fand g are continuous functions, 


both having codomain R, and their domains, A and B 
respectively, are intervals of R. 


1 The Fundamental Theorem of Calculus 


fæ dx = some function, F, with domain A 
whose derivative at x is f(x). 


We call the expression f(x) the integrand and the 
function F a primitive of f. 


2 The Addition Rule 


[oc + g0) dx 


= fr% dx + fec dx (xeAnB) 


3 The Scalar Multiplication Rule 


If a is any real number, then 


foras =u fio dx (xeA) 


4 Integration by Parts 


In this rule, the derived functions of f and g must also 
be continuous. The rule is 


frao dx =J 


= feo (x)dx (xe An B) 


(See Unit M100 13, Section 2.2.) 


5 Integration by Substitution 
G) Forwards Method 


With an integral of the form 


|r (ECNE) dx 
: P du . 
we substitute u for g(x), then g'(x) = T and we write 


du for u dx. 
dx 


This last step above is easily remembered and can be 
justified. 


LMTI 


In the examples for Section II all the functions have 
domain R. 


1 The Fundamental Theorem of Calculus 


fr dx = 4x3, since a (4x3) = x? 
dx 


2 The Addition Rule 


feos x +x’) dx = feos xdx + Je dx 


3 The Scalar Multiplication Rule 


fo dx =s f> dx 


4 Integration by Parts 


F cos x dx =x sinz- fain 1 dx 


[| | Jt | 


f(x) &@) SA 8) a) Sf’) 


5 Integration by Substitution 
(i) Forwards Method 
Find 


[ooo eae 


Se) g'o) 
Substitute u for x?. 


Then 


[osorionax = [oes udu 


= sin u 


= sin(x?) 


So 
fero dx= [ron = ite 


= [ro du (ue An g(B)). 
(See Unit M100 13, Section 2.4.) 


This rule is particularly useful when 


J: x — : (xe R*); 
for then we have 
go), (du 
J a) | w 
=Inu 
= In(g(x)). 


(ii) Backwards Method 


[re dx = [room du (xEA,u EC) 


dx 
We substitute A(u) for x and A’(w)du for dx (i.e. qu du 


for dx), where h is a one-one function with domain C 
and image set A. The reason for h being one-one is 
that for the substitution to be unambiguous h must be 
a function rather than a mapping. Eventually we will 
want to express the result of the integration in terms 
of the original variable which means that the inverse 
of h must also be a function. Hence 4 must-be a one- 
one function (see Unit M100 J, Functions, Section 2.6). 


atanu 


cv 


nis. 
PERERA OE is Son sete PREEN E OPE ENEE 


vla 


Fig 1 


An important example of this rule of integration is' 


t 1 2t 
dts] j= 
fe zjeme 


=4in(? +0). 


(ii) Backwards Method 


1 1 
— dx = | —— sec? u di 
Jie i fm RE 


| 


f(x) f(tan(u)) tan'u 


and since 1 +tan? u = sec? u 


1 
line dx= fau 


=u 
= arc tan x. 


In this case A: u —> tan u, u e (—}, 5) and arc tan 
is the inverse of A, i.e. arctan x is the radian measure 
of the angle in the interval (—}, 3) whose tangent is x. 


sarc tan x 


xy 


Ill Types of Integral 


1 Polynomial Functions 


To integrate a polynomial function, apply the addition 
rule and the scalar multiplication rule for integrals, to 
obtain 


(an X" + ,- x" | +++ +ayx +d) dx 
n+l n 2 


x + *y Sag 
a an- tba aox 
"ntl in 12 e 


2 Rational Functions 
A rational function has the form 
I) 
g(x) 


where fand g are polynomial functions. We first give 
the integrals of some simple rational functions. 


x (x e€ R and g(x) #0) 


zí f dx e i S{x:x >a} 


x—a |In(a—x) if domain e{x:x <a} 


It is common practice to write the above formula as 


[gonial 
x-a 


but remember that this only makes sense if the domain. 
includes numbers on one side of q only (since the 
integrand is not defined for x = a). 


2.2 
f dx _ -1 
(x= a (s—1)(x— a)! 


with the same restrictions on the domains as above. 


if s#1 


J 


This is perhaps more recognizable as 


r (x= ayt! 


Jema ES where t=—s 


2.3 For an integral of the form 


px+q 
jx?+bxt+e 


a 


where b? < 4c (i.e. the denominator cannot be fac- 
torized), we first rewrite the denominator as the sum 
of two squares (known as “completing the square”). 


So x? + bx + c becomes (x + $5)? + e — 4b?, We then 
use the substitution t= x + 4b. 


This removes the linear term from the denominator, 
i.e. it reduces the integral to the form 


It 
f N ap 
Pin 


with n > 0. 


1 Polynomial Functions 


5 4 
forts- yha=sgs -V 


2 Rational Functions 


3 
x —3x+./5 


PEN (xeR,x# —6) 


x 


21 [E-n (xe Rt) 


whereas 
td 
Í Z does not equal [ln|x]]}; 
mie 
In fact, this integral is not defined at all. 
2.2 


4dx -5f dx 
Bx +27 9} (+2)? 
a 4 @>- 4%) 
a) x+4 PE 
@<-% 


2.3 To evaluate 


x41 
Zaye kaa 
x txt) 


first complete the square in the denominator 
a x+1 
x +x+l +h? +3 


then use the substitution t = x + 4. 


Also, & = 1 so for dx we substitute dt. 


Now use the two standard integrals 
tdt 1l 7 
Jee gues 


(See Section II.5(i) above.) 


fetge 
e Ea an [=> 
Pte Je (= 


(See Section II.5(ii) above.) 


2.4 We now give a general method for integrating 
rational functions. 


I) 


G) Express —— in the form 
D Fap a(x) 


k(x) 
a(x) 


where A(x) and k(x) are polynomials and k(x) has 
degree (strictly) less than the degree of g(x). 


(See method opposite and Units M201 9 and 29.) 


ha) += 


Gi) Factorize g(x) into real factors which are either 
linear or quadratic (and irreducible). 


zs K(x) . y 
(iii) Express —— as a sum of partial fractions. 
<- 80) 
(iv) Apply the addition rule for integrals and in- 
tegrate each fraction according to the methods 
outlined above. 


x+1 t+t 
So | =——— dx = | 5 — 
cece * rhe 


_ tdt od dt 
je 4e 2S +E 


=tin? +2) 
+4 Ja arc tan(t WES) 


2x? +4 _f@) 
2.4 Su OSE 4 
ppoe 2x3 gG) 
The division goes as follows: 
x+% =A(xX) 
g = 2x — 32x 0x4 =/f(x) 
2x? — 3x = xg(x) 
3x +4 
3x-% =4g(x) 
= k(x) 
2x? + 4 3 17 
Th = A 
5o ë a-37*t3 taa 
1o 1 
2-1 (xD? +x41) 


A Bx+C 


+t = 
x-1 x +x+l 


To determine the constants 4, B and C, we reverse 
the process as follows 


_ Ax? + Ax + A + Bx? — Bx+Cx-C 
œ- 1x +x+1) 
_ (A+ Bx? +(4-B+C)x+A-C 
x -l 


Since x?, x and 1 are linearly independent polynomials, 
we can equate coefficients 


A+B =0 
A-B+C=0 
A -C=1 


A=4,B=-4,C=-3. 


3 Algebraic Functions 
Integrals of the form 
[2 + hx) ax? + bx +¢ dx 
g(x) + k(x) ax? + bx + c 


where f(x), g(x), h(x) and k(x) are polynomials, occur 
quite frequently. They can be converted into integrals 
of rational functions using integration by substitution. 
We shall consider these substitutions in this section 
and for the sake of clarity we shall let the polynomials 
F(x), g(x), A(x) and k(x) take very simple forms. 


3.1 If a= 0, the substitution 
u= J bx+e 


transforms the integrand to a rational function, to 
which the method of Section III.2.applies. 


3.2 If a0, the substitution 


u=x+ b 
= 2a 


removes the “b” term inside the square root, giving 
an integral of the form 


file) + hi FED 4, 
Bite) + kau? + 64) 


10 


Thus 


1 1 xt2 
x1 3x—-1) 3x? +x4+1) 


1 1 
lz —x? ies le +x)(a— a 


Step (ii) 


17 1 1 
-fale mra” 
Step (iii) 


=p tin(a +x)—In(a—x)}} 
Step (iv) 


1 
= 5, (22) (-a<x<a) 
a—x, 


3 Algebraic Functions 


dx 
1+/x 


The substitution is u = ./x, i.e. x = u?, giving 


1 1 
——= dx = | — = 2u d 
frz” fyt 


3.1 Find f 


=2u—2In(1 +u) 


=2/x -21n (l +% 
dx 
3.2 Simplify | —==— 
i y rF 


The substitution is u = x + 3, i.e. x =u — 4, and so 


f dx f du 
METTENT: 


The next step depends on the signs of a and Cy. 


G) Ifa>0 and c, > 0, the substitution 


wa} fe (-2) (v > 0) 


transforms the integrand into a rational function. 


Gi) Ifa>0 and c, <0 
The substitution 


unt} f (044) 
~~ 2Na v 


(where the sign is chosen to make sure that u is in 
the stated domain) transforms the integrand into a 
rational function. 


(v2 1) 


Gii) If a <0 then we must have c; > 0. 


The most useful substitution is 


c 
u= |—sinv 
—a 


which gives 


Var +c, = fc; cos v 
and converts the integrand to a rational function in 


sin v and cos v. The integration of such functions is 
considered in the next section. 


r l dx 
Find -ps 
VI+ 


The substitution is 


sal 
=-(p—-— 
2 v, 
with inverse v=x+./1+x? (since v>0) and 


—— | 1 
Ji +x =- ( + 5), The rule of integration by sub- 


2 
stitution thus gives 


1 1 1 
harat 5) dv 
2 
fe 
v 
=Inv 


=In(x+/1 +x?) 


dx 
Find | ———— x 21). 
Jx}? -1 6 
Bf ORR 1 ae 
Here the substitution is x = 3 (» + 5) > giving 
v, 
1 1 1 1 
dx = > 2 
f a x E nal aa) do (o 1) 
2 a v, 
_ [av 
jv 
=Inv 


(x21) 


=In(x +./x? - 1) 
dx 
JI- 


. unl. 
The substitution x = sin v, v € [- 7 3] gives 


Find 


-+-Í l cos v dv 
Jl-x? cos v 


=v 


= arç sin x 
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4 Rational Fractions in sin x and cos x 


These are fractions in which both the numerator and 
the denominator are polynomials in cos x, whose co- 
efficients are all polynomials in sin x. 


4.1 We give first a general method for such integrals, 
" but you are advised to use it with caution; for it can 
lead to heavy manipulations. The methods given in 
Section JII.4.2 are often quicker. If the domain is a 
subset of [—2, z], the general method is to substitute 


x=2arctant (te R) 
so that 
; 2i 
maT 
1-7 
cos x = 7a 


d: 
= is found by considering which expression, when 


integrated, will give 2 arc tan ż. 
dx 2 
d (1+?) 


The inverse substitution is 


ie. (See Section II.5(ii).) 


t = tan $x (x e [-n, n]) 


If the domain is not a subset of [— z, z], it can be split 
into segments of the form [2nz — x, 2nn + n] with n 
an integer, and each segment treated separately by the 
substitution, 


x = 2nn + 2 arc tan t. 


It may happen that you obtain a zero denominator in 
which case another method will have to be used. 


4.2 Integrals of the form 
fae að cos" að0dð (8eR) 
can be reduced, by the substitution x = a9, to the form 


a} [aw xcos"xdx (xe R). 
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4 Rational Fractions in sin x and cos x 


cos x + (sin?x + sin x)cos?x 
sin x 


For example 


4.1 
Find [ose x dx (<x< 5%) 


1 l+? 2 
— dt 
mar HE 2 I+ř 


_ fat 
jt 
=Int 


= |n (tan 4x) +e (since 0 < 4) 


Find [sex ds O<x<4) 
1 1+ 2 
lace pHa 
2 
~ [ae 
fret le 


=-h(1-)+n(1 + 


I 


=In = ae TH) (See Section 11.2.4, 


There are two ways of simplifying this expression: 


1+t nč + 1 


Oe a ETA 


=l (5+ 2t ) 
=" Fi 


= In (sec x + tan x) 
(ii) Using the formula 


tan A + tan B 


tan (A + B) = ——————, 
an (A + B) J — tan A tan B 


the equivalent result 
In (4) =In (tan G 2 
1—t} ata 


can be found. 
4.2 


G) If» is an odd integer (not necessarily positive), 
the substitution 


y=sinx, 
gives 

cos? x = 1 — y? 
and 

cos x dx = dy 


thus converting the integrand to a rational function 
of y. 
Gi) If m is an odd integer, the substitution 


y =cos x 
gives 

sin? x = 1 — y? 
and 

sin x dx = — dy 


thus converting the integrand to a rational function 
of y. 
Gii) If m and nare both even integers, the substitution 


y=tanx 
gives 
i + z = C08? x, 
i 2, = sin? x 
and 
1 os ae 


thus converting the integrand to a rational function 
of y. 
4.3 Alternative Methods 


One of the arts of integration is the ability to spot a 
quick method of producing the result. 


[ow x cos? x dx 


= [ra —y) dy 


[aw x cos”? x dx 


=y-—arctany 
=tanx—x 


Unfortunately, as the powers of sin and cos increase, 
the work involved also increases somewhat dispro- 
portionately. 


4.3 Alternative Methods 


sec x tan x + sec? x 
sec x dx = | ——_———_ dx 
sec x + tan x 


= log (sec x + tan x) 
fin? x dx= ftx —1) dx 
=tanx—x 
fins x= Joe x— 1)? tan x dx 


= { (set tan x— 2st x tanx 


+ sin *) dx 


COs x, 


= $ sect x — tan? x — In cos x 
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5 Integrals Involving Trigonometric and 
Exponential Functions 


5.1 Integrals involving products of the form 
(sin ax or cos ax) x (sin bx or cos bx) 
can be simplified using the formulas 


sin ax sin bx 
= 4 cos (a — b)x — 4 cos (a + b)x 


cos ax cos bx 
= 4 cos (a — b)x + 4 cos (a + b)x 


sin ax cos bx 
= 4 sin (a — b)x + 4sin (a + b)x 


5.2 Ifnis a positive integer and a, b are real, we have 


G) 


| Aoa e™(a cos bx tb sin bx) 
a+b 
(xe R) 
(i) 
e™ sin bx dx = e“*(a sin = - b cos bx) 
a+b 
(x eR) 
RR aes x Pe ae ad 
(ii) fe "x dx = - HOD pm 


+ +(—17 a) (x eR) 


(iv) Je cos ax dx 


= E- Dyer? 4+) sin ax 
a a 
"=i = 2 
+ (= -DeD rs +) cos ax 


(v) fe sin ax dx 
owe E n(n — 1) 


a a 


x" t+) cos ax 


n-1 —1Xn— 
+ (P EEP ys 4) sin ax 


(see opposite) 
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5 Integrals Involving Trigonometric and 
Exponential Functions 


1 
5.2 Je cos bx dx = 3 e™ sin bx — ; Je sin bx dx 
on integrating by parts 
1 
=7 e™ sin bx + = e™ cos bx 


a 
-7 e* cos bx dx 
on integrating by parts again. 


Re-arranging the above expression gives 


(a? + b°) G cos bx dx 


= ae™ cos bx + be™ sin bx 
so 


e*(a cos bx + b sin bx) 


Je cos bx dx = ae 


This is a technique which can very often be used on 
expressions involving a single cos or sin function. To 


integrate | x°e* dx one uses the rule given which can 


be verified as follows: 
frea =x — f 3x7e*dx, 
on integrating by parts, 
= xe" — 3x7e* + 6 freas 
= x32" — 3x7e* + 6xe* — 6 feas 
= (x3 — 3x? + 6x — 6)e* 
[oa = fera (See Unit M100 7, 
Sequences and Limits I, 
= f elinalx gy 


Section 4.3, if this is not 
obvious.) 
1 
=— e 


Ina 


(In a)x 


a 


Ina 


5.3 Integrals involving logarithms and inverse tri- 
gonometric functions can often be simplified by sub- 
Stituting 


u = (the logarithm or inverse trigonometric 
image). 


5:4 Integrals involving expressions of the form e~7** 
often arise in statistics and physics. The substitution 


t= —ax* 


sometimes reduces these to type 5.2(iii). If the integral 
is of the form 


i xdx 


then if n is odd, it can be reduced by the above sub- 
stitution to type 5.2(jii), but if n is even this is not 
possible. 


5.5 If the integral involves the functions tan, cot, 
sec, or cosec, reduce it to one of the types considered 
previously by using 


OS x 
tan x = —, =—, 
sin x 
1 1 
sec x = , cosec x = —— 
cos x sin x 


(x e R, denominator #0) 


5.3 
fia xdx= fi (e")e"du by the substitution 


u=lnx 
Jue du 


= ue" — fe du onintegrating 
by parts 


Nt 


= (u — l)e" 
=(Inx—-1)x 


The above example shows that one can get involved 
in heavy working if one only follows the book of rules. 


For è: 
finxar= finz ldx 
I x x 
=xlnx— f ~dx on integrating 
* by parts 
=xInx-x 
5.4 


Jere dx =4 fe dt 


= e(t- 1) = }e7™®(—x? — 1) 


fe dx=+4 fev dt 
which cannot be expressed in terms of elementary 


functions such as exp, ln, arc tan, etc. 


5.5 Simplify (cosec?x + sec?x)sin>x 


cotx 
cos*x 
As sec?x = cosec*x tan?x and cot®x = ———, 
sin?x 
(cosec?x + sec?x)sin5x 
cot?x 
+48: 
si 
= cosec?x(1 + tan?x) —; 
cos?x 


3 


= cosec?x sec*x sin®x cos” *x 


(since 1 + tan?x = sec?x) 
= sin®x cos “x 


The integral of this can now be found by the methods 
of Section IIL.4.1. 
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